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Abstract 

The problem of minimal distortion bending of smooth compact em- 
bedded connected Riemannian n-manifolds M and N without bound- 
ary is made precise by defining a deformation energy functional $ on 
the set of diffeomorphisms Diff(M, N). We derive the Euler-Lagrange 
equation for $ and determine smooth minimizers of <f> in case M and 
N are simple closed curves. 
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1 Introduction 

Two diffeomorphic compact embedded hypersurfaces admit infinitely many 
diffeomorphisms, which we view as prescriptions for bending one hypersur- 
face into the other. We ask which diffeomorphic b endings have minimal 
distortion with respect to a natural bending energy functional that will be 
precisely defined. We determine the Euler-Lagrange equation for the gen- 
eral case of hypersurfaces in Euclidean spaces and solve the problem for 
one-dimensional manifolds embedded in the plane. The existence of minima 
for the general case is a difficult open problem. An equivalent problem for a 
functional that measures the total energy of deformation due to stretching 
was solved in [2] . Some related discussions on the minimization problem are 
presented in 01 El [9] . 
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2 Minimal Distortion Diffeomorphisms 



Let M and N denote compact, connected and oriented n-manifolds without 
boundary that are embedded in K" +1 and equip them with the natural 
Riemannian metrics gu an d gN inherited from the usual metric of M n+1 . 
These Riemannian manifolds (M, <?m) and (N,g^) have the volume forms 
ujm and ujn induced by their Riemannian metrics. We assume that M and 
N are diffeomorphic, denote the class of (C°°) diffeomorphisms from M to 
N by Diff (M, N), the (total space of the) tangent bundle of M by TM, the 
cotangent bundle by TM*, and the sections of an arbitrary vector bundle 
V by T(V). For h G Diff (M,N), we use the standard notation h* for the 
pull-back map associated with h and h* for its push-forward map. 

Definition 2.1. The strain tensor S G T(TM* ® TM*) corresponding to 
h G Diff (M, N) is defined to be 

S = h*g N - g M (1) 

(cf. 0, 0). 

Recall the natural bijection between covectors in T*M and vectors in 
TM (see [3]): To each covector a p G T p M* assign the vector ajf G T p M 
that is implicitly defined by the relation 

a p = (gAi)p(atf, •)• 

Using this correspondence, we introduce the Riemannian metric g* M on TM* 
I'.v 

g* M (a,/3) = g M (.a*,l3*), 

where the base points are suppressed. 

There is a natural Riemannian metric G on TM* <g> TM* given by G = 
9*M ® 9m- T° compute this metric in local coordinates, let (U, 4>) be a local 
coordinate system on M. Using the coordinates of M n , the map <f> : U — > M. n 
can be expressed in the form 

Hp) = (x 1 (p),---,x n (p)). 

As usual (x 1 ^), . . . ,x n (p) s j are the local coordinates of p G M and the n- 
tuple of functions (ar, x 2 , . . . , x n ) is the local coordinate system with respect 
to (U,(p). Because is a homeomorphism from U onto 4>(U), we identify 
p £ U and 0(p) G M n via 0. Let us define (£ T ) = 2jgi(0(p)). The set 
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of vectors ( (afr)p> • • • > (7555? )p ) forms a basis of the tangent space T p M. Its 
dual basis ((dx 1 ) p , . . . , (dx n ) p ) is a basis of T p M*, i.e. 

Using the Einstein summation convention, a tensor 5 S T(TM* ®TM*) has 
local coordinate representation B = bijdx l ®dx 3 , where 6y = B(d/dx l , d/dx 3 ). 
The local coordinate representation of the Riemannian metric G is 

G(B, B) = bijb kl g* M (dx\ dx k )g* M (dx j ,dx l ) 

= b ij b kl [g M } ik [g M } jl , (2) 

where [<7m] u is the entry of the inverse matrix of ([gM]ij)- 

Definition 2.2. The deformation energy functional $ : Diff(M, N) — ► 
is defined to be 

$(/t) = / G(h*g N - g M ,h*g N ~ gu)^M- (3) 

JM 

The following invariance property of the functional $ is obvious because 
the isometries of M n+1 are compositions of translations and rotations, which 
produce no deformations. 

Lemma 2.3. If k € Diff(iV) is an isometry of N (i.e. k*gjy = gN), then 

3 The First Variation 

We will compute the Euler-Lagrange equation for the deformation energy 
functional <E>. To do this, we will consider smooth variations. 

Definition 3.1. A C°° function F(t,p) = h t (p) defined on (— e, e) x M is 
called a smooth variation of a diffeomorphism h € Diff (Af, N) if 

1. h t E Diff (M, N) for all t G (-e,s) and 

2. h = ft. 

The tangent space T h Diff (M, N) is identified with the set T(hT l TN) of 
all the smooth sections of the induced bundle h~ 1 TN with fiber T^^N over 
the point p of the manifold M (cf. [6]). Indeed, each smooth variation F : 
(— e, e) x M — > N corresponds to a curve 1 1— > F(t,p) = ht(p) in Diff (M, iV). 
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Definition 3.2. Let F : (— e, e) x M — > N be a smooth variation of a 
diffeomorphism /i G Diff (M, AT). The variational vector field V G r(/i~ 1 TiV) 
is defined by 

for p G M. 

Since the tangent space 7\ Diff (M, A 7 ') consists of all the variational vec- 
tor fields of the diffeomorphism h, it follows that Th Diff (M, N) is a subset of 
T(h~ 1 TN). On the other hand, suppose that a vector field V G T(h~ 1 TN) 
is given. We can easily construct a variation of h with the variational vec- 
tor field V. Indeed, let tpt be the flow of the vector field X = V o h~ x G 
T(TN). The smooth variation F(t,p) = ipt Mp) °f the diffeomorphism 
/i G Diff (M, A 7 ) has the variational vector field V(p) = ^(^t = 
X o = V(p) as required. Hence, 

Th Diff (M, N) = Tih^TN). 

We will consider all variations of h G Diff(M, N) of the form F(t,p) = 
h o (f>t(p), where <pt is the flow of a vector field X G T(TM). The variational 
vector field corresponding to the variation F is V = h*X. Since h is a 
diffeomorphism, it is easy to see that the variational vector fields of the 
variations of the form hoip t exhaust all possible variational vector fields. 

Let us restrict the domain of the functional $ to Diff (M, N). The dif- 
feomorphism h is a critical point of <E> if 



d 
dt 



*(ho<f H )\ t=0 = D*(h)h*Y= [ G(h*g N -g M ,L Y h*g N ) = (4) 

JM 



for all Y G T(TM), where Ly denotes the Lie derivative in the direction Y. 

Let (3 G T(TM* <g> TM*) have the local representation f3 ij dx i <g> dx j . We 
will use the following formula for the components of the Lie derivative LxP 
of j3 in the direction of the vector field X: 

4 Solution for One Dimensional Manifolds 

In this section M and N are smooth simple closed curves in M 2 . Their 
arclengths are denoted L(M) and L(N) respectively, and they are supposed 
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to have base points p £ M and q £ N. We will determine the minimum of 
the functional 

= / G(h*g N - g M ,h*g N - g M )u M (6) 
Jm 

over the admissible set 

A={h€ Diff (M, AT) : h(p) = q}. (7) 

There exist unique arc length parametrizations 7 : [0, L(M)] — ► M and 
£ : [0, L(iV)] — ► iV of M and iV respectively, which correspond to the positive 
orientations of the curves M and N in the plane, and are such that 7(0) = p, 
£(0) = q. Notice that [g M ]n(t) = |^(*)| 2 = 1 = [g M ] n (t) for t G [0, L(M)] 
and [h* gN]u(t) = |D/i(7(t))7(t)| 2 . Using formula for the metric G, we 
can rewrite functional ([6]) in local coordinates: 

*(/*) = ^ (|D/ l ( 7 (t))7(t)| 2 -l) o; M . (8) 

Let us denote the local representation of a diffeomorphism h G Diff (M, iV) 
by u = o /i o 7. The function it is a diffeomorphism on the open interval 
(0, L(M)) and can be continuously extended to the closed interval [0, L(M)] 
as follows. If h is orientation preserving, we can extend u to a continu- 
ous function on [0,L(M)] by defining u(Q) = and u(L(M)) = L(N). In 
this case u > 0. If /i is orientation reversing, we define u(0) = L(N) and 
u{L{M)) = 0. 
Since 

o -y)(*)| a = °«)(*)| a = « 2 (*)|€(«(*))| 2 = « a (*) 

for i G (0, L(M)) , the original problem of the minimization of functional ([6]) 
can be reduced to the minimization of the functional 

rL{M) 

*(u)= / (u 2 -l) 2 di (9) 



over the admissible sets 

B = G C 2 ([0,L(M)],[0,L(iV)]) : u(0) =0,u(L(M)) = L(N)\ 

and 

C = G C 2 ([0,L(M)],[0,L(iV)]) : u(0) = L(N),u(L(M)) = o}. 
The minima will be shown to correspond to diffeomorphisms in Diff (M, N). 
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Lemma 4.1. Suppose that L(N) > L(M). 

(i) The function v(t) = L(N)/L(M)t, where t € [0,L(M)] ; is the unique 
minimum of the functional over the admissible set B. 

(ii) The function w(t) = -L(N)/L(M)t + L(N) , where t G [0,L(M)] ; is 
the unique minimum of the functional over the admissible set C. 

Proof. Since the proofs of (i) and (ii) are almost identical, we will only 
present the proof of the statement (i) . 

The Euler-Lagrange equation for functional Q is 

4n(3n 2 - 1) = 0. (10) 

The only solution of the above equation that belongs to the admissible set 
B is v(t) = jrfifj t, where t € [0,L(M)]. Note that v corresponds to a 
diffeomorphism in Diff (M, N). 

We will show that the critical point v minimizes the functional *3/; that 

is, 

{L(N ) 2 — L( M) 2 ^ 2 
L{Mf 

for all u G B. Using Holder's inequality 

MM) M M ) 
L{N) = u{L{M))= I u(s)ds<[L(M) u 2 (s)ds] 
Jo Jo 

we have that 

l{n? r L M . 2 

< / u (s)ds. 



m > *m = ^' T ~z " en) 



| 1/2 



L(M) 

Thus, in view of the hypothesis that L{N) > L(M), 

L(M) rL(M) 

(u 2 (s)-l)ds = u 2 (s)ds-L(M) 



UN) 2 - L(M) 2 , , 

S LiM) 2 °' (12) 



After squaring both sides of inequality (frZj) . we obtain the inequality 

/ f L(M \ 2,, N , (UN) 2 - L(M) 2 ) 2 , s 

(J o (u\s)-l)ds) > l(m) 2 • (13) 



Applying Holder's inequality to and taking into account inequality 

(fT3j) . we obtain inequality (fTTj) . Hence, the function v(t) = L(N)/L(M)t, 
where t € [0, L(M)], minimizes the functional ^ over the admissible set 
B. □ 
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Remark 4.2. Let us write the Euler-Lagrange equation for the one- 
dimensional case and compare it with equation (jlOp . 
Recall that 

[g M ]u(t) = l, [h*g N } u (t) = u(t) 2 
and use formula ([5]) to compute 

[Lyh*g N ] n (t) = 2u(t)(u(t)y(t) + y(t)u(t)) = 2u(t)-(u(t)y(t)) , 

where y(t) is the local coordinate of the vector field Y = yj^, i.e., y is 
a smooth periodic function on [0, L(M)], which can be taken to be in 
C£°([0, L(M)]). Using the pervious computation and formulas (|2J) and (j3J), 
we obtain the following Euler-Lagrange equation: 



L 



L(M) d f L(M) d 

(u 2 - l)u—{uy) dt = - I — ((u 2 -l)u)iiydt = 



/(i dt Jo dt 

for all y G C£°([0, L(M)]). The latter equation yields 

— ((u 2 - l)u)u = uil(3u 2 - 1) = 0, (14) 
which has the same solutions in the admissible sets B and C as equation 

(Hod. 



Proposition 4.3. Suppose that M and N are smooth simple closed curves 
in M 2 with arc lengths L(M) and L{N) and base points p € M and q G iV; 
7 and £ are arc length parametrizations of M and N with 7(0) = p and 
£(0) = q that induce positive orientations; and, the functions v and w are as 
in lemma \J^J\ If L(N) > L(M), then the functional <3?(/i) defined in display 
(0|) has exactly two minimizers in the admissible set 

A={h£ Diff (M, N) : h(p) = q} : 

the orientation preserving minimizer 

h\ = (o»o 7 _1 
and the orientation reversing minimizer 

I12 = £ o w o 7 _1 

(where we consider 7 as a function defined on [0, L(M)) so that j~ 1 (p) = 0). 
Moreover, the minimal value of the functional $ is 

_ (L(N) 2 - L{M) 2 ) 2 
mm ~ L(Mf • ( 5j 
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Example 4.4. For R > 0, the radial map h : M 2 -> M 2 is defined to be 
/i(z) = If M is a simple closed curve, N := h(M) and i? > 1, then 
is a minimum of $ on Diff (M,N). To see this fact, let -y(t) = (x(t),y(t)), 
t E [0, L(M)], be an arc length parametrization of M. It is easy to see that 
f(t) = R(x(t/R),y{t/R)), t G [0,iiL(M)] parametrizes N = h{M) by its 
arc length. By proposition 14.31 the minimizer h\ is 

/ii(^)=e(^o7^ 1 (^))=e(^7" 1 (^)) 

= f (itt) = ifry(i) = i?z 

for all 2 G M. Hence, h\ is the radial map. 

Lemma 4.5. If L(N) < L(M), then the functional \P /ias no minimum in 
the admissible set B. 

Proof. Let (ft : [0, L(M)] ->Mbea continuous piecewise linear function such 
that 0(0) = 0, <ft(L(M)) = L(N), and 0(i) = ±1 whenever t € (0,L(M)) 
and the derivative is defined. The graph of (ft looks like a zig-zag. It is 
easy to see that tfi is an element of the Sobolev space W > (0, L(M)) (one 
weak derivative in the Lebesgue space L 4 ). By the standard properties of 
W ll4 (0,L(M)) with its usual norm || ■ ||i 4, there exists a sequence of smooth 
functions (ftk € C°°[0, L(M)] (satisfying the boundary conditions (ftk(0) = 
and (pk(L(M)) = L(N)) such that ||</>fc — </>||i,4 — > as k — > 00. Moreover, 
there is some constant C > such that /J' — </> 2 ) 2 < C||<fo. — c/>|| 2 4 . 

It is easy to see that 

<C7i||fo-0||i, 4 

for some constant Ci > 0. Taking into account the equality \l/(</>) = 0, 
we conclude that ^{(ftk) — ► as — > 00. Thus, {(ftk}fc=i is a minimizing 
sequence for the functional Vl/ in the admissible set 23. On the other hand, 
there is no function / £ B such that VP(/) = = inf g& g \I/(<?). Therefore, 
if L(N) < L(M), the functional $ has no minimum in the admissible set 
B. □ 

Corollary 4.6. If L(N) < L(M), then the functional $ has no minimum 
in the admissible set 

Q = {h G C 2 (M,N) : /i is orientation preserving and h(p) = q}. 

Let us interpret the result of Lemma 14.51 Let h = £ o o 7- 1 , where 
(ft : [0, L(M)] — > R is defined in the proof of Lemma 14.51 and 7, £ are arc 
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length (positive orientation) parametrizations of the curves M and N viewed 
as periodic functions on R. In case L(N) < L(M), the action of the func- 
tion h on the curve M can be described as follows. The curve M is cut 
into segments {Mj}^ =1 , k € N, such that cf> has a constant value (1 or (—1)) 
on 7 _1 (Mj). Each segment Mj is wrapped around the curve N counter- 
clockwise or clockwise depending on whether cj) equals 1 or (—1) on 7~ 1 (Mj) 
respectively. Since L{N) is less than L(M), some points of N will be covered 
by segments of M several times. During this process, the segments of the 
curve M need not be stretched. Hence, as measured by the functional <E>, 
no strain is produced, i.e. $(h) = 0. 

The statement of corollary 14.61 leaves open an interesting question: Does 
the functional <3? have a minimum in the admissible set At Some results in 
this direction are presented in the next section. 

5 Second variation 

We will derive a necessary condition for a diffeomorphism h £ Diff (M, N) 
to be a minimum of the functional <&. Let ht = h o cf) t be a family of 
diffeomorphisms in Diff(M, N), where 4>t is the flow of a vector field Y € 
r(TM). Using the Lie derivative formula (see [I]), we derive the equations 
4+(ht9N) = (t>t^Yh*gN and ^(^Ly/i* g^) = fyXLyLyh* ■ If there exists 
5 > such that &(h t ) > $>(h) for all \t\ < 5 and for all variations ht of h, 
then h is called a relative minimum of h. If h £ Diff (M, N) is a relative 
minimum of then Jp-$(/i t )| t=0 > 0. 

Using the previous computations of Lie derivatives, the second variation 
of $ is 

id 2 r 

o3l9 $ (M|t=o = / G(L Y h*g N ,L Y h*g N )u M (16) 
2 dt 2 J M 

+ / G{L Y L Y h*g Nl h*g N - g M )uM- 
JM 

Lemma 5.1. Let M and N be simple closed curves parametrized by func- 
tions 7 and £ satisfying all the properties stated in lemma \4-S\ If h € 
Diff (Af, N) minimizes the functional <3? in the admissible set A, then the 
local representation u = o /i o 7 of h satisfies the inequality 

u\t) > i (17) 

for all t G (0, L(M)) . 
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Proof. Using formula ([5]), we compute 

[L Y h*g N ]u = 2{uuy + ii 2 y) 

and 

[L Y L Y h* g N ] u = 2(u 2 y 2 + ii'ii y 2 + huilyy + u 2 yy + 2u 2 y 2 ). 

Substituting the latter expressions into formula (|16p . we obtain the necessary 
condition 



W : = 4 / u 4 y 2 dt + 4 u 2 (u 2 - 1) y 2 dt 

Jo Jo 

rL(M) 

+ 2 u 2 (u 2 -l)yydt + ... > 0, 

Jo 



where the integrands of the omitted terms all contain the factor y. After 
integration by parts, we obtain the inequality 

f L(M) 

W = 4n 4 + 4u 2 (u 2 - 1) 



-2u 2 {ii 2 -l))y 2 dt + ... >0. (18) 

Define y(t) = £/)(^)C(£), where p(t) is a periodic "zig-zag" function de- 
fined by the expressions 

*)-{ 1 -:;r 1 7 2 <^ 2 ;, m> 

and p(t+l) = p{t), C £ C%°(0,L(M)). Notice that p 2 = 1 almost everywhere 
on 1R and y 2 = ( 2 + 0(e) when e — > 0. Substitute y into inequality (fT8|) 
and pass to the limit as e 0. All the omitted terms in the expression 
for W tend to zero because they contain y as a factor. Hence, we have the 
inequality 

r L(M) 

W= (Aii 4 + 2u 2 {u 2 -l))( 2 dt >0, 

JO 

which (after a standard bump function argument) reduces to the inequality 

u 2 > 1/3 (20) 
as required. □ 
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Proposition 5.2. If M and N are simple closed curves such that their 
corresponding arc lengths L(M) and L(N) satisfy the inequality < 
then the functional <& has no minimum in the admissible set A. 

Proof. If h G Diff (M,N) is a minimum of the functional then h satisfies 
the Euler-Lagrange equation (|4|). Let 7 and £ be parametrizations of the 
curves M and N with all the properties stated in corollary 14.31 By remark 
14.21 the local representation u = 0/107 of h satisfies the ordinary differ- 
ential equation (fl"4"J) on (0, L(M)). In addition, u must satisfy the boundary 
conditions u(0) = 0, u(L(M)) = L(N) or u(0) = L(N), u{L{M)) = 0. Hence 
either u(t) = L{N)/L(M)t or u(t) = -L(N)/L(M)t + L(N). Since h mini- 
mizes <3>, by lemma [5TT1 n 2 > 1/3, or, equivalently, L(N)/L(M) > -^=. This 
contradicts the assumption of the theorem. □ 
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